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Fermi surfaces in maximal gauged supergravity 
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We obtain fermion fluctuation equations around extremal charged black hole geometries in maxi- 
mal gauged supergravity in four and five dimensions, and we demonstrate that their solutions display 
Fermi surface singularities for the dual conformal field theories at finite chemical potential. The four- 
dimensional case is a massless charged fermion, while in five dimensions we find a massive charged 
fermion with a Pauli coupling. In both cases, the corresponding scaling exponent is less than one 
half, leading to non-Fermi liquid behavior with no stable quasiparticles, although some excitations 
have widths more than ten times smaller than their excitation energy. In the five-dimensional case, 
both the Fermi momentum and the scaling exponent appear to have simple values, and a Luttinger 
calculation suggests that the gauginos may carry most of the charge of the black hole. 



INTRODUCTION 

Ordinary metallic states may be described as Fermi 
liquids, with dynamics characterized by weakly-coupled, 
long-lived quasiparticle excitations around a Fermi sur- 
face. Certain strongly correlated electron systems, how- 
ever, are different: the "strange metals" arising in high- 
Tc cuprates [3, and heavy fermion systems ^ , for ex- 
ample, are shown by photoemission experiments to pos- 
sess a Fermi surface, but the associated gapless modes are 
not long-lived. Understanding such "non-Fermi liquids" 
is an important theoretical challenge. 

The gauge-string duality is a promising avenue to 
investigate such phenomena. The duality relates quan- 
tum field theory without gravity "holographically" to 
string theory or supergravity in higher dimensional space- 
times. Crucially, strongly-coupled systems which are dif- 
ficult to characterize are mapped onto black hole geome- 
tries which can be far more tractable calculationally; such 
techniques have had success describing the quark-gluon 
plasma (see e.g. Since the first work on obtaining 

holographic Fermi surfaces black hole geometries 

describing non-Fermi liquids have indeed been obtained; 
an investigation of fermion behavior for general dimen- 



sion, mass and charges was carried out in Such 
studies have typically followed a "bottom-up" approach: 
rather than finding an explicit solution of string theory 
or supergravity, instead a convenient effective gravity La- 
grangian is postulated and its consequences determined. 

While this approach is highly valuable, it has draw- 
backs. Without an embedding in string theory, the pre- 
cise nature of the dual quantum field theory is unknown, 
and one is left ignorant of exactly what system is sup- 
porting the Fermi surface. Furthermore, one may worry 
that the results could be an artifact of unphysical pa- 
rameter choices on the gravity side, which might not be 
present in any construction descending from string the- 
ory. Therefore, a "top-down" approach, where one starts 
from a known string or supergravity construction and in- 
vestigates fermionic behavior, is naturally valuable both 



for understanding the system and having confidence in 
its validity. Previous top-down approaches to Fermi sur- 
faces include 12|, Il3| . which studied fermions realized on 
probe branes, and [14l - ll6l |. which studied the gravitino in 
the gravity multiplet of minimal supergravity and found 
no Fermi surface singularity. 

In this work, we study spin- 1/2 fermions in both four- 
dimensional and five-dimensional maximally supersym- 
metric gauged supergravity, and we find Fermi surfaces 
in both cases. These theories descend from M-theory on 
S"^ and type IIB string theory on S^, respectively, and 
the dual field theories are the ones describing stacks of 
M2-branes and stacks of D3-branes in otherwise empty 
spacetime. The D3-brane theory is A/" = 4 super- Yang- 
Mills theory, which is by far the best-studied example of 
the gauge-string duality. 

In both cases, we find non-Fermi liquid behavior with 
excitations whose width is comparable to their energy, 
resulting in no well-defined quasiparticles close to the 
Fermi surface. At least some excitations have a width 
more than ten times smaller than the energy for small 
energies, indicating they may be fairly well-defined as 
resonances. For the case of A/" = 4 super- Yang-Mills, we 
find simple values for the Fermi momenta, and an unusual 
u! ^ dispersion relation for excitations around the 
Fermi surfaces. The singularity in the Green's function 
corresponding to the Fermi surface has a residue of order 
N'^, where N is the number of colors in the gauge theory. 
This suggests that the relevant fermionic field theory de- 
grees of freedom are in the adjoint of the SU{N) gauge 
group — not color-singlet bound states as has been pro- 
posed for certain bottom-up constructions. A Luttinger 
count of the charge density indicates most charge is car- 
ried by the adjoint gaugino fields. Our entire field theory 
analysis is only possible because of the knowledge of the 
dual theory stemming from the top-down construction. 

We proceed through three steps for each case. First, 
we recall how one identifies a subset of the fields of the 
gauged supergravity into which one can embed an ex- 
tremal Reissner-Nordstrom anti-de Sitter (RNAdS) black 
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hole; this is nontrivial since turning on a generic gauge 
field will source unwanted scalars as well. Second, we 
isolate particular charged fermions and derive their lin- 
earized fiuctuation equations. Third, we solve these equa- 
tions in the extremal RNAdS background with suitable 
infalling boundary conditions, identify a Fermi surface 
by finding the momentum at which the "source" term 
vanishes, and study the excitations near this surface. 



FERMI SURFACES FROM 
FOUR-DIMENSIONAL SUPERGRAVITY 



The extremal RNAdS solution in D — d+1 dimensions 



IS 



ds^ = —r(fdt^-dx^)- 



f 



a^dx^ = /ill — y — j j dt , 

with the horizon function 

d /ro\2d-2 2{d-l) (rQ\d 



d-2 



id -2) 



where rg is the horizon radius /(ro) = 0. 

In order to embed the D ^ 4 charged black hole 
into four-dimensional gauged Af = 8 supergravity [l7|, 
we start with the 50(8) gauge fields where i and 

j run from 1 to 8, and set all of them to except -'^ 



A 



fj.12 



fj.21 



(3) 



The supergravity scalar fields will remain in the triv- 
ial configuration throughout, corresponding to an unde- 
formed S*^ in the lift to eleven-dimensional supergravity. 
The bosonic lagrangian is 



-R 



1 



(4) 



where /^j/ = df^a^ — d^Ufj^; note that we use the mostly- 
minus metric conventions of [l7j . In order for ([T]) to sat- 
isfy the equations of motion from Q , one must require 



\/6ro 



V2L 



(5) 



11[ to 5F = V^L. 



corresponding in the notation of 

We now consider the spin- 1/2 fermions of four- 
dimensional = 8 gauged supergravity: there are 56 
Majorana spinors Xijk = X[ijk] where i,j,k = 1 . . . 8. 



^ We note that choosing only j4,,i2 non-zero is related to choosing 
all four Cartan gauge fields non-zero and equal Af^i2 = ^^34 = 
^n56 = j4p7g by an SO{8) triality transformation. 



With scalars remaining in their trivial, symmetry pre- 
serving configuration, the covariant derivative is 



: Xjk]r 



(6) 



The 56 fermions divide into three sectors: 6 containing 
both the indices 1 and 2, 20 containing neither, and 30 
containing just one of them. It is easy to see that only 
the last sector is charged under a^. 

The terms in the A/" = 8 Lagrangian that contribute to 
the quadratic fcrmion action are 



/2 



1 

12 
1 



ijk 



(7) 



(1) where S'*-'''^' = when the scalars are trivial, and 

Q+tii^ij jg bilinear in the Xijfe and the gravitini ippi : 

V2 



144 
1 

'2 



(8) 



(V'p term) . 



Note there are no elementary mass terms for the spin-1/2 
fermions. It is easy to see that the Pauli-type terms in 
the presence of the gauge field couple the first sector of 
neutral fermions to the gravitini and generate an effec- 
tive mass term for the second neutral sector, but do not 
affect the charged spin-1/2 fields. Thus the 15 complex 
fermions of the form x ^ Xijk + 'iX2jk with j, fc = 3, . . . 8 
all satisfy the simple Dirac equation. 



7'' (V^ - iqa^) X = , 



(9) 



with q = g = 1/{V2L); their conjugates have charge —q. 

We now consider the solutions to this equation. The 
near-boundary behavior is controlled by the (vanishing) 
mass and is (see for example [l§]). 



X+ 

X- 



(10) 
(11) 



where x± are eigenvectors of 7*"; A is the source term 
and D is the response, while B and C are determined by 
the other two. The near-horizon behavior is 



X^{r- ro)-i/^±'"= , 



where Vk is the scaling exponent 11| . 



^k 




(12) 



(13) 



which controls the IR behavior of the Green's function. 
An "oscillatory region" with imaginary V)^ thus exists for 

|fc| < /ig/Ve- 
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To find a Fermi surface we set uj = and impose reg- 
ular boundary conditions at the horizon by choosing the 
plus in ([T^ , and search for values of the spatial momen- 
tum k outside the oscillatory region where the source 
term A vanishes. This case has in fact been treated by 
11 1, with TO = and qgp — 1; see also [l^ for an analytic 
treatment. Setting L = rg = 1, we verify that there is a 



Fermi surface at A:; 



0.9185, or 



value the scaling exponent becomes 



0.2393. 



0.5305, at which 



(14) 



The conjugate fermions with charge —q see the Fermi 
surface at kp ~ —0.9185, with the same u^p- 

Because Vkp < 1/2, the conformal dimension 5kp = 
\ + in the auxiliary AdS2 theory controlling the IR 
dynamics is less than 1, indicating a relevant operator 
and non-Fermi liquid behavior. Thus there is no Fermi 
velocity; in the notation of [ll|, the retarded Green's 
function near the Fermi surface (that is, for small w as 
well as small k± = k — kp) takes the form 



hi 



k±_ - /i2e*'>'-p'a;^'''=-f 



(15) 



where the real positive constants hi and h2 encode ultra- 
violet data but the phase e*"*"^ is entirely determined by 
the behavior of a near-horizon AdS2 x Green's func- 
tion. Since h2e^'"' provides both the leading real and 
imaginary parts in the dispersion relation, the width of 
would-be quasiparticles is generically of the same order 
as the excitation energy, making them not well-defined. 

It is interesting to note, however, that for some of our 
excitations the widths are relatively small. For negative 
g, we find "fF ~ 0.163. Expressing the fermionic quasi- 
normal frequency lying closest to the Fermi surface as 
WQNM — Lo* — iT, we find for particles (fcj_ > 0): 



r 7F , 

— = tan ' 

while for holes {k± < 0), 

7F - TT 



1 

278 ' 



r 



tan ■ 



16. 



fci < 0, 



(16) 



(17) 



manifesting a particle-hole asymmetry characteristic of 
Vkp < 1/2 models fvi\. The positive q fermion sees the 
Fermi surface with particles and holes exchanged. 
The residue Z of the poles goes to zero as 



,1.089 



and the dispersion relation goes like 



w* ~ (fcj.)'"'= 



2.089 



(18) 



(19) 



FERMI SURFACES FROM FIVE-DIMENSIONAL 
SUPERGRAVITY 

We turn now to the case of five-dimensional Af = 
8 gauged supergravity [2^, where the gauge group is 
50(6), and the simplest choice of gauge fields that al- 
lows the scalars to remain in their trivial configuration 
(corresponding to an undeformed in a lift to type IIB 
supergravity) is 



= Af^i2 — Ai,,^4 — A 



p34 



(20) 



A consistent truncation of the bosonic lagrangian, omit- 
ting a Chern-Simons term which will not figure in our 
discussion, is 

e-'C^-\R-lf,.r+^-^. (21) 

The RNAdS solution is again given by ©, © withd = 4 
and 



V2L 



(22) 



matching the notation of [ll[ with gp — L/^/3. 

We turn now to the Fermi fields. Their index structure 
is based on a local symmetry group U Sp{8) whose funda- 
mental 8-dimensional representation splits into the 4 + 4 
of 5*0(6). There are 48 spin- 1/2 fermions Xabc = X[abc]\ 
where a,b,c — 1 ... 8 are USp{8) indices and [. . .] | de- 
notes antisymmetrization with the symplectic trace re- 
moved. The Xabc obey the symplectic Majorana condi- 
tion, a condition particular to five dimensions relating 
one field to the complex conjugate of another via the 
USp{8) symplectic metric Jlab- A somewhat involved cal- 
culation starting from the lagrangian quoted in [20j leads 
to the following quadratic action for the spin-1/2 fields: 



e ^Ci/2 



^ -abc ij, 



12 



r'^r^.xabc 



^^r'^s^M^'xabe - 'ir'^ra^r^'xa^ 



16 



(23) 



Here F = Fis + + Fge, and the Tp, = [r/,r,7]/2 are 
elements of the 50(6) Clifford algebra. These gamma 
matrices are essentially Clebsch-Gordan coefficients re- 
lating 50(6) and USp(8). 

Under the inclusion USp{8) D 50(6), the 48 fermions 
organize themselves into complex symplectic Majorana 
pairs in the 20 + 4, while the gravitini are in the 4. In 
terms of the U{1) C 50(6) defined by the gauge field 



([20| . one can analyze the weight vectors to see that the 
20 contains 3 elements with charge 5/2, 8 elements with 
charge 3/2 and 9 elements with charge 1/2, while the 4 
contains an element of charge 3/2 and three of charge 
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1/2. (Here and below we indicate the charge magnitude, 
since each symplectic Majorana pair contains excitations 
of both signs of the charge.) Thus the three complex 
fermions with charge 5/2 cannot mix with the gravitini; 
it is these that we will study. 

We were able to find simultaneous eigenvectors of the 
kinetic, mass, gauge and Pauli operators corresponding 
to these three complex fermions; each obeys the same 
decoupled Dirac equation. 



Z7^V^ ± ^ra, T ^ + y^.r" ) X = , (24) 



where the lower set of signs is for the conjugate excitation 
in the symplectic Majorana pair. In solving the conju- 
gate equation one may for convenience switch the sign of 
the gamma matrices, effectively flipping the signs of both 
m and the Pauli term; the conjugate then has the same 
mass but opposite signs in both couplings to the gauge 
field, and is thus equivalent to studying the original fluc- 
tuation in the the background of an oppositely-charged 
black hole. 

Considering solutions to this equation for cither sign 
charge, the near-boundary scaling is controlled by the 
mass mL ~ 1/2 and takes the form. 



for spinors x± that are eigenvectors of 7'' 
A is the source and D the response. 



(25) 



where again 



Pauli couplin gs w ere considered in [21|, and generalize 
the formulas of [11] for the near-horizon behavior of the 
solutions by shifting the momentum fc — >■ fc, where in our 
case 



ro 



V2L^ 



(26) 



where the different signs correspond to different eigenvec- 
tors of 7''7*A:-7; each of X-i- and X-, with two components 
each, contains one component with each sign shift. 

This leads to near horizon behavior of the form 
with 



47 




The oscillatory region of imaginary Vk thus occurs for 

|fc| < y477T50(H- 

Selecting infalling boundary conditions and again tak- 
ing L = ro = I for simplicity, we find Fermi surfaces 
with 



fcf 



±2.00000, 



(28) 



or kp/{fj,q) « ±0.56569. (Note the values of kp will have 
opposite signs for different components due to ^^Ell-) The 



precision of this result is suggestive that the kp values 
are ±2 exactly; notice that the Fermi surfaces are barely 
outside the oscillatory region. The corresponding value 
of j/fc is then exactly 



1 

12 



(29) 



Thus these Fermi surfaces also have Vkp < 1/2, meaning 
again we have a non-Fermi liquid. 

Again the retarded Green's function takes the form 
([15]). For negative q we have 7f ~ 0.0126, whose small 
size makes e^'^'' nearly a real number, and consequently 
again the fermionic quasinormal frequency wqnm = — 
iV lying closest to the Fermi surface is nearly real: 



— = tan 67F w -— - , 
Wu, 16.2 



(30) 



for both fc^ > and fcj^ < 0. Again there are no sta- 
ble quasiparticles, but some modes have a small ratio of 
width to excitation energy. Unlike the four-dimensional 
case, we find a symmetry between particles and holes, 
which can be traced to the rational value of i^kp (ED)- 
Positive q again sees the same physics with particles and 
holes exchanged. 

Moreover we find an unusual sixth-order dispersion re- 
lation, 



(31) 



where the constant of proportionality involves /i2, as well 
as a rapidly vanishing residue. 



(32) 



FIELD THEORY OPERATORS AND CHARGE 
DENSITY 

In five dimensions, where the field theory dual is A/" = 4 
super- Yang-Mills theory, the operators dual to the three 
charge 5/2 fermion fields are Oj = ti XZj for j = 1, 2, 3, 
where A is the charge 3/2 gaugino in the 4 of the R- 
symmetry group 5*0(6), and Zj = X2j-\ + iA2j where 
Xj are the six adjoint scalars. Thus the gaugino con- 
(27) tributes +3/2 to the total charge of Oj, while the scalars 
contribute +1. 

A common view in the current literature is that the 



singularity in the two-point function of Oj at a; = and 
fc = fci? is a signal of a Fermi surface formed by color 
singlet bound states of A and Zj, which we will term 
mesinos: see for example 22h24|. The two-point func- 
tion we find here scales as A^^, suggestive of a sum over 
all possible gaug ino colors and hence an alternative in- 
terpretation [25|, that this singularity is due to a Fermi 
surface formed by the adjoint gauginos A themselves, per- 
haps dressed in some way by strong gauge interactions. 
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A Luttinger count of the charge density due to the 
charged fermions is 



Qi9s 

Fcrini surfaces 



(33) 



where qt is the dimensionless charge of the gauge the- 
ory fermion involved and gs is a degeneracy factor indi- 
cating the number of distinct fermions participating in 
the Fermi surface dynamics. In the second hne of (|33|) 
we have speciahzed to the case of two Fermi surfaces, 
the number found in our analysis, with degeneracy fac- 
tors g+ and g-. In the gaugino interpretation, clearly 
Qf = 3/2, and with L = tq = 1, the result ([28|) indicates 
that |fci?^±| — 2 ± 1/a/2- For the degeneracy factors, the 
most natural conjecture is that gj^ = g- = 7V^, which is 
simply the number of colors at leading order in N . There 
is no additional factor of 2 for the spin of the fermions 
because the gauginos are chiral. We then arrive at 



Jfcrmions 



11 

2^ 



(34) 



This is numerically quite close to the total charge of the 
black brane, which referring to |23| we calculate to be 



Jtotal 



9\/6 
4^ 



(35) 



with L = ro = 1 as before; this is related to the scaled 
quantities ji of (where our tq is denoted rn) by 
jtotal = N'^iji +32 + h)- Comparing ([M]) and we 
see that 



Jtotal 



242 
243 



(36) 



Taking (|36|) at face value, we should conclude that most 
of the charge is indeed carried by the charge -1-3/2 gaug- 
inos. Let us bear in mind, however, that the choice 
g^ = g_ — N"^ was conjectural. More conservatively, 
we could regard p6p as an upper limit on the amount 
of charge carried by these gauginos. See 22, |2J, |27[ for 
somewhat different approaches to the Luttinger theorem 
in holographic (non-) Fermi liquids. 

There are other positively charged particles in the field 
theory, namely charge -1-1/2 gauginos and charge -1-1 
scalars. If ([36|) is correct, one should ask why they carry 
such a small fraction of the charge. The charge -1-1/2 
gauginos may not carry appreciable charge because there 
are tree-level interactions that convert pairs of them into 
charge -1-1 bosons, whereas no such interactions exist to 
convert two charge -1-3/2 gauginos into charge -1-3 bosons, 
simply because there are no charge -1-3 bosons.^ 



Charge carried by scalars, if not in a mesino Fermi sur- 
face, is likely in the form of a Bose condensate. Assuming 
the scalars do condense, they must do so in a manner that 
preserves the U{1) gauge symmetry, since this symme- 
try is obviously unbroken in the RNAdSs solution. This 
is possible in the large A'' limit, since the A^ D3-branes 
can be distributed continuously over a f7(l)-invariant 
configuration — perhaps even an 5'0(6)-invariant config- 
uration. In fact, highly symmetric, continuous distribu- 
tions of D3-branes have been previously derived as limits 
of spinning brane solutions 28 , [i^ . If the scalars con- 



dense in such a fashion, the operator Oj = trXZj may 
have a finite amplitude to create a zero momentum bo- 
son Zj and to put all its momentum into the charge -1-3/2 
gaugino A. This is just what we need in order to explain 
why a Fermi surface for the gauginos would give rise to 
the singularity we observe in the 0{N'^) two-point func- 
tion of Oj. Thus, a gaugino Fermi surface together with 
a symmetry-preserving scalar condensate appears to be a 
plausible alternative to the mesino interpretation of holo- 
graphic Fermi surface singularities. However, we cannot 
offer any line of reasoning to explain why the fraction 
of the charge carried by the scalars should be as small 
as ([55)1 suggests. The 0{N'^) zero-point entropy of the 
RNAdSs solution remains a puzzle, and an understand- 
ing of the entanglement entropy in the presence of holo- 
graphic Fermi surfaces is as yet incomplete; see however 
[30| for work in this direction. 

In the AdSi case, the field theory dual is more com- 
plicated than Af — A super- Yang-Mills 3ll-34|, and the 
overall scaling of Green's functions is N^/"^. In the theory 
of a single M2-brane, the operators dual to the charged 
fermions again have the form XX. In the standard field 
theory presentation of iS'0(8), X is a vector and A is a 
spinor. Under the U{1) which is the diagonal sum of 
all four Cartan generators, the scalars and the fermions 
both have charge ±1. With a little care one can see that 
15 combinations A" A have charge -1-2, another 15 have 
charge —2, and the rest are neutral. The 15 -I- 15 charged 
combinations exactly match the 30 charged components 
of 

Xijk- While this indicates that all the fundamental 
fermions in the M2-brane theory are involved equally in 
the Fermi surface revealed by our AdS^ gauged super- 
gravity calculations, we have not formulated a Luttinger 
count analogous to and ([M)) . 



We thank D. Huse for suggesting this hne of reasoning to us. 
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